Abstract. The paper is concerned with weak solutions of a generalized Cauchy problem for a nonlinear system of first order differential functional equations. A theorem on the uniqueness of a solution is proved. Nonlinear estimates of the Perron type are assumed. A method of integral functional inequalities is used.
INTRODUCTION
Differential inequalities find numerous applications in the theory of first order partial differential equations. Such problems as: estimates of solutions of initial or initial boundary value problems, estimates of the domain of classical or generalized solutions, estimates of the difference between two solutions, criterion of uniqueness, are classical examples, however, not the only ones. The theory of partial differential inequalities has been described extensively in the monographs [1, 2, 5] . Hyperbolic functional differential inequalities generated by initial problems or by mixed problems have been studied in the monograph [3] . In particular, uniqueness results for initial problems on the Haar pyramid with nonlinear estimates of the Perron type were obtained as consequences of suitable comparison theorems for differential functional inequalities. Uniqueness criteria for a classical Cauchy problem and solutions considered on unbounded domains can be found in [3, 4] Chapter 4.
The aim of this paper is to give sufficient conditions for the uniqueness of solutions to a generalized Cauchy problem for a nonlinear system of first order partial differential functional equations. We formulate our functional differential problem. For any http://dx.doi.org/10.7494/OpMath.2009.29. 1.69 metric spaces X and Y , by C(X, Y ) we denote the class of all continuous functions from X into Y . We will use vectorial inequalities with the understanding that the same inequality hold between their corresponding components. Let us denote by N the set of natural numbers. Set
Write
Let us denote by z = (z 1 , . . . , z k ) an unknown function in the variables (t, x), x = (x 1 , . . . , x n ). We consider the system of functional differential equations
with the initial condition
where
is a restriction of z to the set
and this restriction is shifted to the set B.
for each x ∈ R n and for 1 ≤ i ≤ k, the i-th equation (1) is satisfied for almost all t ∈ [a i , c] and condition (2) holds.
System (1) with initial condition (2) is called a generalized Cauchy problem. If a i = 0 for i = 1, . . . , k, then (1)-(2) reduces to the classical Cauchy problem. Then the results for classical initial problems presented in [3, 4] are not applicable to (1)- (2) .
We give examples of systems which can be derived from (1) by specializing f and ψ.
where θ = (0, . . . , 0) ∈ R n . Then (1) reduces to the system with deviated variables
and assume that ψ(t, x) = (t, x) on E. Then (1) reduces to the integral differential system
It is clear that more complicated differential systems with deviated variables and differential integral problem can be obtained from (1) by suitable choice of f and ψ. Sufficient conditions for the existence of classical solutions of a generalized Cauchy problem can be found in [6] .
The paper is organized as follows. In Section 2, we prove that there exists a maximal solution of the generalized Cauchy problem for ordinary differential systems. Carathéodory solutions are considered. We also prove a theorem on integral functional inequalities generated by the above Cauchy problem. Applications of integral functional inequalities are presented in Section 3. Suppose that there exists a comparison problem of the Perron type for (1)- (2) . Then the solution of (1)- (2) is unique in the class of bounded and uniformly continuous functions. This is the main result of the paper.
INTEGRAL FUNCTIONAL INEQUALITIES
. . , k, we consider the Cauchy problem
We consider Carathéodory solutions of problem (3)- (4) . Note that if a i = 0 for i = 1, . . . , k and Ψ 0 (t) = t, then (3)- (4) reduces to the classical Cauchy problem. The function σ = (σ 1 , . . . , σ k ) is said to satisfy the Carathéodory conditions if for i = 1, . . . , k there is:
We say that σ i (t, ·) :
We prove that there exists a maximal solution of (3)-(4). Lemma 2.1. Suppose that:
Function γ can be given by its coordinates as
Let us define the sequence
where i = 1, . . . , k and m ∈ N. First we will show that
Let m = 0. Then for
holds for a fixed m ≥ 0. Then for m + 1 and i = 1, . . . , k:
From the assumption on the monotonicity of the function σ, there follows that
Then the proof of (7) is completed by induction. Now we will show the inequality
Let m ∈ N be fixed. If assertion (8) is false, then there aret ∈ (−d 0 , c] and i = 1, . . . , k such that
and
It follows thatt > a i . Then
which contradicts (9). This completes the proof of (8).
It is easy to see that the functional sequence {ϕ (5)- (6) we obtain, in the limit, that ϕ is the solution of problem (3)-(4). Since γ(t) < ϕ (m) (t) for t ∈ [−d 0 , c] and m ∈ N, we obtain γ(t) ≤ ϕ(t) for t ∈ [−d 0 , c]. Hence the function ϕ is the solution of (3)-(4). Now we show that ϕ is the maximal solution of (3)-(4). Let ω be solution of (3)- (4) .
Similarly as for function γ, we show that ω(t) < ϕ (m) (t) for t ∈ [−d 0 , c] and m ∈ N.
This implies that ϕ is the maximal solution of (3)- (4).
We prove a theorem on integral functional inequalities generated by (3)-(4).
Theorem 2.1. Suppose that:
Proof. From assumption 4) it follows that γ i (t) ≤ ϕ i (t) for t ∈ [−d 0 , a i ] and for i = 1, . . . , k. Let us consider the sequence {ϕ (m) } defined in Lemma 2.
Let us consider the function u :
where i = 1, . . . , k. Then γ i (t) ≤ u i (t) for t ∈ [−d 0 , c] and for i = 1, . . . , k. From the assumption on the monotonicity of the function σ there follows that
Moreover,
ψ0(τ ) )dτ for t ∈ [a i , c] and for i = 1, . . . , k.
Similarly as in Lemma (2.1) we show that u(t) < ϕ
GENERALIZED CAUCHY PROBLEM
We will need the following operator V : C(B, R) → C(I, R + ) defined as follows:
We start with the formulation of assumptions on σ and f .
. . , k satisfy the conditions:
We give a theorem on the estimate of the difference between two solutions of system (1). (1)- (2), and the
where χ i : E 0.i → R for i = 1, . . . , k are given functions, 2) u and v are bounded and uniformly continuous on [−d 0 , c] × R n , 3) for every i = 1, . . . , k, the initial inequality
Under these assumptions,
Proof. It follows from assumption 3) that inequality (11) holds for (t,
Now assertion (11) is equivalent to the estimates
Applying the Hadamard theorem to the difference
we obtain
Let us denote by g i (·, t, x) the solution of the Cauchy problem
and consequently
where i = 1, . . . , k. It follows from assumption 4) that
In virtue of Assumption H[σ] and definition of function Φ, the following integral functional inequalities hold:
This completes the proof. 1) for every i = 1, . . . , k the inequality Proof. This theorem is a consequence of Theorem 3.1.
It is important that we consider functional differential systems (3)-(4) as comparison problems for (1)- (2) . We show that there is the Cauchy problem ω (t) = σ(t, ω(t β )), ω(0) = 0,
where β > 0, such thatω(t) = 0 for t ∈ [0, 1] is the maximal solution of (13) It is easy to see that ω i (t) ≤ỹ(t) for t ∈ [0, min{c,ã}] i = 1, . . . , k.
The functionỹ satisfies the conditioñ
Thenỹ(t) = 0 for t ∈ [0, and assertion (16) follows.
